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Abstract

For Ay(z) = _,<,p~ " —loglogz — B, a positivity theorem through 10° and a global large-z
estimate combine to give a lower bound of the Rosser—Schoenfeld form for every real 2 > 1. The
resulting coefficient is Cy = 0.003266913842984036606 ... < 1/306.
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1 Statement

The claim concerns the lower side of the reciprocal-prime Mertens error on its full natural range.
The coefficient is obtained by evaluating a decreasing tail coefficient at the splice point 108.
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2 Why a splice is available

Rosser and Schoenfeld proved that Aj(z) is positive for 1 < o < 108. Any negative lower comparison
of the stated form is therefore automatic on that entire interval.

For larger =, Axler’s estimate supplies a lower bound with the stronger decay terms log ™z and
log™* .
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3 Tail normalization

Write L = log x and factor the tail estimate into the desired L~2 shape. The remaining coefficient
function is strictly decreasing for L > 0, so its largest value after the splice occurs at L = log(108).

For 2 > 10® the inequality is strict because the coefficient function has already decreased below its
endpoint value.
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1. Use positivity on 1 < 2 < 108.
2. Normalize Axler’s tail estimate by log? z.

3. Apply monotonicity of g beyond the splice.

4 Certificate role

The pinned certificate evaluates log(10%) and Cy with directed 256-bit Arb arithmetic. It proves
the strict rational comparison Cy < 1/306, confirms that 1/307 < Cj, and verifies an improvement
factor greater than 153 relative to the earlier coefficient 1/2.

The certificate does not encode the cited positivity theorem, Axler’s analytic estimate, or the
symbolic monotonicity argument. Those are the written proof obligations that connect the certified
constants to the global theorem.
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5 Pinned certificate

Directed 256-bit Arb arithmetic certifies the splice coefficient at log(1078), its strict comparison
with 1/306 and 1/307, and the improvement factor. The literature estimates and monotonicity
remain explicit analytic inputs.

Run command

uv run --frozen python canon/witnesses/C-0041/verify.py

Pinned files

e canon/witnesses/C-0041/verify.py

e canon/witnesses/C-0041/PIN.md

6 Scope

The result is a global lower bound in the fixed Rosser-Schoenfeld C'/log? z shape, obtained by
splicing the stated published finite- and large-range estimates.

7 Sources

e Canonical claim: canon/claims/C-0041-global-rosser-schoenfeld-mertens-lower-coefficient.
md

o Pinned certificate note: canon/witnesses/C-0041/PIN.md

o Certificate source: experiments/mertens_rs_lower_coefficient/verify.py
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